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1. Introduction and model 

A discrete alloy- type model is a family of operators = Hq + T4j on P'(1J^') where 
^ . -ffo is the negative discrete Laplacian given by {HqiP){x) ~ — J2\e\=i ^(-^ ~^ ^^"^ 

lO ' the multiplication operator by the function 

00 ■ 
cn 
(N 

■"sj" ■ Here ujk,k G Z'^, is an i. i. d. sequence of random variables and u: 7/^ ^ R a so- 

, called single-site potential. The minimal conditions which are assumed throughout 

this note are that the distribution of wq has a density p G L°° (K) and that u belongs 
to There are several well-studied relatives of the discrete alloy-type model: 



Vuj{x) = ^ LOk u{x - k). (1) 



(i) The continuum alloy-type model —A + VL, on i^(R'') where T4; has the same 
form as in (fTj). 

5^ , (ii) The Anderson model on ^^(Z'^): this is the special case of the discrete alloy- type 

model where u = ^o- 

(iii) The correlated Anderson model, which corresponds to u = Sq and the case 
where the random coupling constants ujk are no longer assumed independent. 

Obviously, the discrete alloy- type model is a special case of case (iii). However, 
previous results on (iii)-type models require certain regularity conditions which are 
typically not satisfied for alloy- type potentials, cf. Section [3l 

The main challenge of models of the type ([T]) is that u may change its sign 
which leads to negative correlations of the potential. This results in a non-monotone 
dependence on the random variables of certain spectral quantities. For this reason 
many established tools for the spectral analysis of random Schrodinger operators 
are not directly applicable in this model. 
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For literature concerning the discussion in this section we refer to the references 

of [nil]. 

2. Results 

Our results concern averages of resolvents and projectors. The presented results 
are closely related to dynamical and spectral localisation. We use the symbol E to 
denote the average over the collection of random variables utk, k G Z'^. For A C Z'' 
we denote by i/^j.A : ^^(A) £'^{A) the natural restriction of H^^ to the set A. 

2.1. Wegner estimate 

We present here a selection of the results proven in [2] . For L G N we denote the set 
[0, L]"^ n Z'' by A^. The number of points in the support of u is denoted by ranku. 

Theorem 2.1. Assume that the single-site potential u has support in A„ and p is 
of hounded variation. Then there exists a constant c„ depending only on u such that 
for any L S i? S K and e > we have 

E{Tr[xiE-..E^4H^.AL)]} <Cu\\p\W.rranku eiL + nf<^+'\ 

Here ||p||var denotes the total variation of p. By the assumption on the support of 
the single-site potential, ranku < n^. Our bound is linear in the energy-interval 
length and polynomial in the volume of the cube A^ . This implies that the Wegner 
bound can be used for a localisation proof via multiscale analysis, as soon as an 
appropriate initial length scale estimate is at disposal. 

Theorem 2.2. Assume u := X^feeZ"* '^{k) ^ and that p has compact support. Let 
m £ N be such that X]||fe||>m 1^(^)1 — Then we have for any L E N, E £ M. 

and e > 

E{TT[x[E^e.E-e]{H^.Aj]} < ^ llpllvar min(L^rankM) e{L + mf. 

In the case that the support of u is compact we obtain a bound which is linear in 
the volume of the box and thus yields the Lipschitz continuity of the integrated 
density of states. 

2.2. Boundedness of fractional moments of Green's function 

In this subsection we assume that the function ii: [0, 2t:Y — >• C, defined by 

u{e) = ^iky'-', 

does not vanish, suppu is compact, and p G VK^^^(M). Let A C be finite. For 

x,y E A and z G C \ M we set Gi^,a{z; x, y) — {Sx, {H^^\ — z)^^Sy). 
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Theorem 2.3. Let s G (0, 1) and A C 'Z'^ be finite. Then there exists a constant 
Cu depending only on u, such that for a/Z z G C \ M and all x,y G A 

E[\G^Mz;x,y)\''} < (C„||p'|U.)'^^^- 

Theorem 12.31 is proven in Section 21 The proof is a combination of ideas from [3] 
and The proof also gives rise to a quantitative estimate on the constant C„. 
To our knowledge, Theorem 12.31 does not immediately imply exponential decay of 
fractional moments of the Green's function by standard methods. 



2.3. Exponential decay of fractional moments of Green's function 

In this subsection we assume d = 1 and supp u compact. Denote the diameter of 
the support by n — 1 G Nq. We define the following conditions which may or may 
not hold: 

(A) supp u = {0, 1, . . . , n — 1}, 

(B) supp yO compact, 

(C) peW^'^iR). 

For x,y G Z'' and z G C \ M we denote the Green's function by Gi^{z;x,y) = 
(Sx, {H^ — z)^^5y) and set 

Cu,p = \\{u{k) llpll^y— . 



Theorem 2.4. Let s G (0, 1) and assume that (A) holds. Then there exists a con- 
stant C, depending on \\p\\oo, s and u, such that for all x,y G with \x — y\ > n 
and all z Cz C \ M. we have 





\x - y\ 


1 




n 





(2) 



E{|G„(z;x,y)|'/"} < C > 

where m — — InCu^^ and [-J is defined by [ij = max{fc G Z: k <t}. 

If Gu.p < 1, or equivalently m > 0, Ineq. ([2]) describes exponential decay. 

Theorem 2.5. Let s G (0,1/2) and assume that either (B) holds with \\p\\oo suffi- 
ciently small, or (C) holds with ||p'||li sufficiently small. Then there exist constants 
m,G £ (0, oo), such that Eq. ([2|) holds for all x,y G Z with \x — y\ > An and all 
z G C\]R. 

Theorem 12.41 and 12.51 are proven in a joint paper [T with A. Elgart. The estimates 
of Theorem 12.41 and 12.51 concern only off-diagonal elements. If we assume (B) and 
s G (0, l/4n), then E{\Gi^{z;x,y)\^} is uniformly bounded for x,y G Z and z G 
C \ K, see [U Appendix] . In spite these estimates on the Green's function, neither 
dynamical nor spectral localisation follow immediately using the existent methods. 
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Currently, the analogues of Theorem l2.4l and l2.5l in higher dimension are an open 
question. In a forthcoming paper with A. Elgart we intend to extend Theorem 12.51 
to operators on a one-dimensional strip, i. e. A = F x Z with F C Z'' finite. 



3. Example 

We show that discrete alloy-type models do not satisfy in general the regularity 
conditions required in [SJ |5] for correlated Anderson models. We consider d — 1. 
Let the density function p be of bounded support and let u(0) = 1, u{~l) ~ a ^ 
and u(k) — for k ^'L \ { — 1, 0}. For simplicity we require that the infimum of the 
support of p is zero. Let i?e and be the events — {uo <^ Vl : G 
[0,e]} and = {uj & VL : K;(0) G [0, e(a + i)]} with e > 0. Then, if a > one 
calculates c for all e > and consequently we have 

PK|i,.} = e|^^i v,>o. 

This shows that the regularity assumptions required in [51 |B] are violated. In the 
case a < one can proceed analogously, but with a different choice of the sets 
and Bf. 



4. Proof of Theorem 

Let L e N be such that the cube A+ = [-L, n I/- contains Ua^eAi^ ^ ■ "(^^ ~ 
k) ^ 0}, which is the set of all lattice sites whose coupling constant influence the 
potential in A. Let A : £^{'Z,'^) — > £^{Z'^) be the linear operator whose coefficients 
in the canonical orthonormal basis are A{j, k) = u{j — k) for j, k G Z''. Since u 
has compact support, the operator A is bounded. Since u does not vanish, Cu = 
||A^^||i < cx), see jlj for details. Moreover, there exists an invertible matrix A[^+ : 
e{K+) ^ satisfying 

Aa+ (i, k) = u{j - k) for ah j G A and fc G A+ (3) 

and ||A^+|| < Cu, see [U Proposition 5]. We set 5^+ = A^+. From and [7], 
respectively, we infer that for y G A with x ^ y 

Here a, /3 G C are functions of V^{k), fc G A \ {x}, and 7 G C is a function of V^{k), 
k G A\ {y}. Set uja+ = {uJk)keA+, k(ujA+) = nfeeA+ Pi^k), dujA+ = nfeeA+ and 
flA+ ~ Xfcgy\^+R. Using the substitution — (Cfe)fceA+ = ^a+'-^a+ and Eq. ([3]) we 
obtain 

^ f TT7TT [7^(wA+)dwA+ = / jr-^ — f7^(-BA+CA+)|det Ba+ |dCA+ , 
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where dC,A+ = Y[keA+ "^Cfc- Since by construction Cfc — 14, (fc) for all fc e A, a is 
now a function of Cfe, k G A \ {x}. For non- negative functions g : M — > M with 
g G VF^'^(R) and (5 G C one has for all A > the estimate 



-d^<X-'\\g\\L^ + \\g\\ 



2Ai 



<A-1|g|Ui + ||.9'|Ui — 



(5) 



where the first inequality is due to [7] and the second is the fundamental theorem of 
calculus. Set = XfcgA+\{2;}.R. Using Fubini's theorem and Ineq. ([5|) we obtain 



S < 



A+ 



fc(SA+CA+)da + ^ J |^fc(BA+CA+; 

R 

d 



dG 



det^A+i n ^^-^ 

kGA+\{x} 



1 



■fc(SA+CA+) |det5A+|dCA+. 



We calculate the partial derivative by the product rule, substitute back into original 
coordinates and obtain 
Ai-^ 



s <x- 



< X- 



= A" 



1 



\Y1 P'{iBA+CA+h)BA+U,x)l[p{{BA+(:A+)k) |detBA+|dCA+ 

jeA+ 



feGA+ 



ll-s 



\p'i^j)\ n Pi^k)d, 



■wa+ 



A + 



fceA+ 



Ai 



■||Sa+IIiIIp'IIli < A- 



A 



1-s 



-CuWp'W 



1 - s" - ■ 1 - s 

If we choose A — s/{Cu\\p'\\l^) we obtain S < C^||p'||^iS~*/(l — s). Thus we have 
shown E\^\Guj,a{z]x,x)\''} < C*||/9'||^i yh^- Analogously we obtain for x ^ y the 
estimate E{\G^^a{z; x,y)\''} < 2''+^Q||p'|||if^. The additional factor 2'+^ arises 
in the case x ^ y, since in Eq. ^ there are two summands of the type S, and each 
summand has an additional factor 2 in its numerator. □ 
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